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Abstract 
The Fourier Grid Hamiltonian (FGH) method is used to compute the vibrational eigenvalues and 
eigenfunctions of bound states of diatomic molecu les. For these computations, the Hulburt and 
Hirschfelder (HH) potential model for d iatomics is used. These potential energy functions are used 
for constructing and diagonalizing the molecu lar Hamiltonians. The vibrational wave functions for 
the ground and the excited states are used to calculate the Franck-Condon factors (FCFs), r-
Centroids and average internuclear separations which play a significant role in determining the 
intensity of the bands in electronic transitions. The results of FCFs and r-Centroids for diatomic 
molecules such as H2, N2, CO, I2 and HF using the FGH method are compared with other methods. 
The Franck-Condon profiles indicate a strong correlation between the values of Franck-Condon 
factors and the mean internuclear separations for the corresponding transitions. 
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1 Introduction 
Kurti et. al.1 have formulated and elegantly demonstrated the use of the Fourier Grid Hamiltonian 
method (FGH). The high accuracy of the method has been demonstrated by estimat ing the 
eigenvalues and eigenvectors for bound states of H2.1 The accuracy of the method can be enhanced 
by an appropriate choice of the number of grid points, grid length and grid spacing.1, 2 The FGH 
method is derived from the discrete variable representation method.3 Kosloff4 solved the time-
dependent quantum mechanical p roblem by representing the Hamiltonian operator on a grid and 
calculated the kinetic energy by the Fourier t ransform method. Sarkar et. al.5 have used Fourier Grid  
Hamiltonian method to calculate the vibrat ional eigenvalues of triatomic molecules. The Fourier 
Grid Hamiltonian method has also been used to study the mult iphoton dissociatio n dynamics of 
linear molecules.6 The intensities of the bands in the electronic spectra of d iatomics are governed by 
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selection rules.7-9 The relative intensities of the bands are determined by the Franck-Condon factors 
(FCFs). The Franck-Condon factor q v’’v’  is defined by 
2
*
" ' " ' (1)v v v vq dx\ \ ³  
In the above eq., 
*
"v\  is the ground state vibrational wavefunction and  'v\  is the exited state 
vibrational wavefunction.  
The FCFs for all isotopomers  of the hydrogen molecules have been computed using the latest 
Born-Oppenheimer potential curves.10 Molecular n itrogen is the main  component of the air and 
plays a crucial role in the atmospheric phenomenon such as aurorae and airglow.11 The potential 
energy curves and Franck-Condon factors of carbon monoxide have been computed.12, 13 Absorption 
and fluorescence of molecular iodine have been studied.14 The coupled-cluster method has been 
used to calculate spectroscopic constants and the potential energy curves for ground and exited 
states of hydrogen fluoride molecule.15 Other experimental and theoretical investigations of Franck-
Condon factors for d iatomic molecules have also been reported.16-23 The radiative transition 
parameters such as the Franck-Condon factors, r-Centroids, electronic t ransition moments, Einstein 
coefficients etc. have been calculated for many diatomic molecules such as ZrO,24 Ag225 and NO.26 
We present briefly the FGH methodology in the next section. We then present the calculations on 
H2, N2, CO, I2 and HF. This is followed by conclusions. 
2 Methodology 
In this section, we outline the main features of the FGH method.1 This is a numerical method 
wherein the Hamiltonian matrix elements are calcu lated at grid points which encompass the range of 
distances that cover the motion of the atoms of the diatomic. Th is ensures that the vibrational 
motion of the diatomics in several low lying vibrat ional states is well represented. The method can 
be best described by using the Dirac bra and ket notation for representing state vectors in the 
coordinate ( x ) and momentum ( k ) spaces.27 The potential energy is diagonal in the position 
representation, while the kinetic energy is diagonal in the momentum representation. These 
statements are represented by the following eqs.  
           2 2ˆ ˆ V x x x '  ,     k k ' k k '   [ k / 2m ] k k '    2kx V x T TG G G     
where,  x x 'G  and  k k 'G   are Dirac delta functions in the position and momentum spaces 
respectively, Vˆ  is the potential energy operator, Tˆ is the kinetic energy operator,  is the 
Planck’sconstant divided by 2π and k  is the magnitude of the linear momentum. The coordinate 
representation of the Hamiltonian operator is given below. 
ˆ ˆ' ' ( ) ( ') (3)x H x x T x V x x xG     
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Inserting the identity operator ( kˆI k k dk ³ ) on the right side of kinetic energy operator, we 
get the following eq: 
( ')1ˆ ' ( ) ( ') (4)
2
ik x x
kx H x e T dk V x x xGS
f

f
  ³
We have used the FGH method for fo rming the Hamiltonian matrix. In the computational scheme, a 
uniform grid  spacing, Δx, is chosen. In the coordinate space,27 xi is defined as, xi  = (i-1) Δx, i 
=1…… n where n  = number of grid points . The total length of the grid  is then l = (n-1) Δx. The 
orthonormality condition on the coordinate grid is i j ijx x x G'  and the normalization integral 
for a wave function ψ(x) and its discretized form is given by, 
2
*
1
( ) ( ) 1, 1 (5)
N
i
i
x x dx x\ \ \
f
 f
 '  ¦³  
where ψi = ψ(xi). 
Now, by making use of Fourier transformation, the kinetic energy matrix T can  be transformed into 
coordinate representation, and added to the potential energy matrix to form the full Hamiltonian 
matrix. The final form of the Hamiltonian matrix is 
                                                     
ij
1
H cos(2 ) ( ) (6)
1
N
l i ij
l
i jl T V x
n
S G
 
ª º « »¬ ¼¦
where, 
2( 1) / 2,
( 1)
N n k
n x
S  '   ' and Tl is given by      
                                                    
2
2 (7)
2( 1)l
hlT
m n x
ª º§ · ¨ ¸ « » '© ¹ ¬ ¼
 
In computing the FCFs, the vibrational wavefunctions for the states v'' (the ground electronic state) 
and v' (the excited electronic state) need to be calculated.  The grid lengths in bohr are in the range 
of 15 to 20 and the number of grid points used are 385 and 463. In the present paper, we have used 
the five constant Hulburt and Hirschfelder (HH) potential model28 for all the diatomic molecules, 
2 3(1 exp( )) exp( 2 )(1 ) (8)V D x cx x bxª º     ¬ ¼
Here, x and the constants b and c are defined as by the relations,
                   
 
Correlation between Franck-Condon Factors ... M.K. Dixit, A. Jain and B.L. Tembe
1336
  
              
21
2 0
11
02
7
12
, 1 , 2 (9)
2( )
e e
e
e
Da
ar r Dx c a bar cB D
Z
ª º« »ª º ¬ ¼§ ·    ¨ ¸« » © ¹¬ ¼
 
 and a0, a1 and a2 are the Dunham coefficients which are given by                                                                       
2
20 1 2 1
5 2, 1 , (10)4 6 4 3
e ee e e
e e e
xa a a aB B B
ZZ D Z § ·      ¨ ¸© ¹
 
Here, D, Be, re, xe, αe and ωe  and are the spectroscopic constants for H2, N2, CO, I2 and HF. The data 
are taken from Herzberg7 and the values are given in Tab le 1. The FGH method is quite general and 
can be used if the experimental data is available is a tabular form at the grid points. 
Table 1: The potential parameters of the five constant potential functions for H2, N2, CO, I2 and HF for 
different electronic states. 
 state we 
(hartree) 
xe we 
(hartree) 
Be 
(hartree) 
αe 
(hartree) 
re 
(Å) 
D 
(hartree) 
H2 
X 1Σg+ 0.02007 5.710x10-4 2.773x10-4 1.397x10-5 1.4013 0.17447 
B 1Σu+ 6.812x10-3 9.082x10-5 9.120x10-5 5.437x10-6 2.4432 0.10522 
N2 
X 1Σg+ 0.01075 6.582x10-5 9.144x10-6 8.201x10-8 2.0659 0.27510 
a 1Пg 0.007709 5.828x10-5 7.459x10-6 1.002x10-7 2.2925 0.25495 
A 3Σu+ 0.006654 6.329x10-5 6.561x10-6 5.923x10-8 2.4438 0.17488 
B 3Пg 0.007901 6.593x10-5 7.463x10-6 8.384x10-8 2.2912 0.23672 
CO 
X 1Σ+ 0.00989 6.133x10-5 8.800x10-6 7.964x10-8 2.132 0.39855 
A 1П 0.00691 7.860x10-5 7.343x10-6 1.016x10-7 2.334 0.15169 
a 3П 0.007924 6.593x10-5 7.659x10-6 8.794x10-8 2.2856 0.23809 
a’ 3Σ+ 0.00555 4.328x10-5 6.064x10-6 7.290x10-8 2.568 0.17792 
I2 
X 1Σ+ 0.0009776 2.792x10-6 1.702x10-7 5.331x10-10 5.0387 0.08559 
B 3Пo 5.832x10-4 3.800x10-6 1.330x10-7 7.746x10-10 5.7002 0.02238 
HF X 
1Σ+ 0.01885 4.095x10-4 9.55x10-5 3.6359x10-6 1.7325 0.21568 
B 1Σ+ 5.2816x10-3 8.204x10-5 1.8645x10-5 8.0646x10-8 3.9516 0.08500 
 
The FGH method also allows us to readily calculate the r-Centro ids and the mean internuclear 
distances in different vibrational states. The r-Centroids (x,v"v’) represent the characteristic 
internuclear separation of a v” to v’ transition in a diatomic molecular band system and are defined 
by,35 
*
" '
", ' *
" '
(11)v vv v
v v
x dx
x
dx
\ \
\ \ 
³
³  
The r-Centroid is a weighted mean of the internuclear d istance for the (v"-v') band and the weighting 
function is  ψv" ψv’. The weighting function can change sign over the integration range. The average 
internuclear separation 'vx in the level v' can be defined as, 
2
'
'
(12)v
v
x x dx\ ³   
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The overlap integral between ψv' and ψv" is defined as, 
*
' " ' " (13)v v v v dx\ \ \ \ ³  
ψv' may be expanded in an orthogonal series of ψv". Therefore ψv' can be expressed as 
' ' " "
"
(14)v v v v
v
\ \ \ \ ¦  
Now the average internuclear separation 
'vx can be expressed as, 
' ' " ' "
"
(15)v v v v v
v
x x dx\ \ \ \ ¦ ³
where
'vx is the average internuclear separation of the vibrational energy level (v') of an exited 
electronic state. From eqs. 16 and 17, 
' " ' ", ' " " ' ", '
" '
, (16)v v v v v v v v v v
v v
x q x x q x  ¦ ¦  
Here 
"vx  is the average internuclear separation of v ibrational energy level (v") of ground state. In 
the next section, we report the results on FCFs, r-Centroids and the expectation values of the 
internuclear separations.  
3 Results and Discussions  
Using the potential energy curves, the eigenvalues of the vibrational Hamiltonian are calculated for 
all the states mentioned in Tab le 1. The calculated eigenvalues are in  good agreement with the 
reported eigenvalues34-39 of these diatomic molecules. The agreement of our values with the reported 
data from literature is very good especially for lower values of v ibrational quantum numbers. Using 
the potential model of equation 8, Franck-Condon factors have been calculated fo r d ifferent band 
systems of these diatomic molecules. Molecules were chosen ranging from H2 and N2 (narrow and 
deep potential energy curves) to I2 (broad potential energy curve). Calculations for polar molecules 
CO and HF have also been done. We have also compared the values obtained from the FGH method 
with the values obtained for respective molecules using the Rydberg-Klein-Rees (RKR) method.29-39 
The calculated values of the Franck Condon factors for N2 molecule for the X 1Σg+ (v") − a 1Пg (v') 
band compare well with the reported values from reference 33. Our results for the Franck Condon 
factors for CO molecule for the X1 Σ (v") - A 1П (v') band compare well with the reported values 
from reference 34. The calculated values of the Franck Condon factors for I2 molecule for the X 1Σ+ 
(v") − B 3Пo (v') band are compared with the reported values from reference 35. In general, the 
overall agreement between the FGH the Rydberg-Klein-Rees (RKR) values of FCFs is very 
satisfactory.  
In a three d imensional representation of Franck-Condon profiles, one axis represents the vibrational 
quantum numbers (v'') of one electronic state (usually the ground state) and another axis represents 
the vibrational quantum numbers (v') for another electronic (excited) state and the third axis 
represents the values of Franck-Condon factors (FCFs). In  each figure, dark co lors represent very 
low values of Franck-Condon factors and light/bright colors represent higher values of Franck-
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Condon factors. As we go from dark to light colors, the values of FCFs increase. The mapping of 
the values with colors in given in each figure. The local maxima of the FCF values lie  
approximately along a parabola. In the following figures, we show the profiles of the Franck-
Condon factors and show the mean values of the internuclear separations for the states v" and v' next 
to them.   
The Franck-Condon profile  for the X 1Σg+ (v") − B 1Σu+ (v') Lyman band of H2 molecule  is shown in 
Figure 1 (A). In Figure 1(B), the expectation values of 
"vx  and 'vx are shown. 
 
 
 
Figure 1: Franck-Condon profiles (A) and average internuclear separations (B) for the X 1Σg+ (v") − B 1Σu+ (v') 
Lyman band of H2.  
from Figure 1(B), we see that the values of
"vx and 'vx are similar for both v' and v" in the range of 0-
15. When v' or v" is greater than 10, the expectation values differ markedly for identical values of v' 
and v". It can be observed from Figures 1(A) and 1(B) that the largest values of FCFs lie in the 
region for which the range of v' is from 7 to 10 and v" is from 10 to 15 for the H2 molecule. In the 
same region, the values of 
'vx and "vx are close to each other. Similarly when v" is in the range of 0 
to 5 and v' in the range of 8 to 12, the values of "vx and 'vx are comparable and the values of FCFs 
between these states are also fairly large. It is found that in the other regions, where the FCFs values 
are close to zero, there are appreciable differences in the values of 'vx and "vx . The highest value of 
FCF is 0.48 and it is for v" = 14 to v' =8. The average internuclear separation xv" in the level v" = 14 
is 2.00 Å. The average internuclear separation xv' in the level v' = 8 is 1.50 Å. 
We have shown the Franck-Condon profiles for the X 1Σg+ (v") − a 1Пg (v') band of N2 molecule in 
Figure 2 (A).  
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Figure 2: Franck-Condon profiles (A) and average internuclear separations (B) for the X 1Σg+ (v") − a 1Пg (v') 
band of N2. 
 
 It can be seen from the Figure 2(A) that the largest values of FCFs lie in the reg ion for which the 
range of v'  is from 20 to 30 and v" is from 25 to 35 for N2. In the same region, the values of 'vx and 
"vx are also close to each other [Figure 2(B)]. In this region, the intensity of the band is high. It is 
found that in the other regions, where the FCFs values are close to zero, there are significant 
differences in the values of 
'vx and "vx . The highest value of FCFs is 0.432 and it is for the v" =31 
to v' = 23 transition. The average internuclear separation 
"vx in the level v" = 31 is 1.81 Å. The 
average internuclear separation 
'vx in the level v' = 23 is 1.37 Å. The Franck-Condon profiles and 
mean internuclear d istances for CO, I2 and HF are shown in Figures 3, 4 and 5 respectively. For CO, 
large values of FCFs are for v'  is from 0 to 25 and v" is from 0 to 30. In the same range the values of
'vx and "vx are close to each other. The maximu m value of FCF is 0.286 and it is for v" = 2 to v' =0 
transition. The average internuclear separation "vx in the level v" = 2 is 1.35 Å. The average 
internuclear separation 'vx in the level v' = 0 is 1.24 Å.  
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Figure 3: Franck-Condon profiles (A) and average 
internuclear separations (B) for the X 1Σ (v") - A 1П (v') band of CO. 
 
 
 
  
 
 
 
 
Figure 4: Franck-Condon profiles (A) and average internuclear separations (B) for the X 1Σ+ (v") − B3Пo (v') 
band of I2. 
 
 
Figure 5: Franck-Condon profiles (A) and average internuclear separations (B) for the B 1Σ+ (v") − X 1Σ+ (v') 
band of HF. 
(A) Franck-Condon profiles 
(A) Franck-Condon profiles 
0 10 20 30 40 50 60 70
0
1
2
3
4
"vx
'vx
 
v'/v"
 
 
0 5 10 15 20 25 30
0
1
2
3
4
5
6
7
8
"vx
'vx
 
v'/v"
 
 
0 10 20 30 40 50 60
0.0
0.5
1.0
1.5
2.0
2.5
3.0
"vx
'vx
v'/v"
 
 
 
 
(A) Franck-Condon profiles (B) Average internuclear separations  
(B) Average internuclear separations  
(B) Average internuclear separations 
Correlation between Franck-Condon Factors ... M.K. Dixit, A. Jain and B.L. Tembe
1341
  
For I2 molecule  that the large values of FCFs lie in the reg ion for which the range of v' is from 20 to 
30 and v" is from 45 to 55 [Figures 4(A) and 4(B)]. The highest value of FCFs is 0.148 and it  is for 
the v" = 51 to v' = 21 transition. The average internuclear separation 
"vx (v"=51) is 2.54 Å and that 
of 
'vx (v'=21) is 3.29 Å. 
In the case of the B 1Σ+ (v") − X 1Σ+ (v') band of HF (Figure 5), large values of FCFs lie in the 
region for which the range of v'  is from 1 to 30 and v"  is from 9 to 24. The highest value of FCFs is 
0.47 and it is for the v" =19 to v' =4 transition. The average internuclear separation 
"vx in the level 
v"=19 is 2.00 Å. The average internuclear separation 
'vx in the level v' = 4 is 2.13 Å. We see that for 
CO and HF, the 
"vx and 'vx are within 10% of each other at the respective FCFs maxima. For other 
molecules of the present study, the corresponding differences are around 30%. 
The r-Centro ids (xv', v", equation 11) represent the character istic internuclear separation of a v' to v" 
transition in a d iatomic molecu lar band system. When the vibrational overlap integral ( *' "v v dx\ \³
) is very small, then the r-Centroid can be very large or negative. When the value of r-Centroid is 
very large, it exceeds the range of x where the value of wavefunctions is significant.  When r-
Centroid is very large or negative, the band is very weak and practically insignificant.  Our values of 
r-Centroids for H2 molecu le for the X 1Σg+ (v") − B 1Σu+ (v') Lyman bands are 0.96 (0.96) fo r (v" = 0 
and v' = 0), 0.80 (0.81) for (v" = 0 and v' = 7), 0.74 (0.76) for (v" = 0 and v' = 10),  0.96 (1.17) (v" = 
1 and v' = 3), and 1.02 (1.12) for (v" = 2 and v' = 3). The values in brackets are from Ref [36].  
Using the Rydberg-Klein-Rees (RKR) method. The calculated values of r-Centroids are found in 
very good agreement with the reported values.30-39 The calculation of the matrix elements of the 
electronic transition moment Re(x), especially in its power series expansion in x (the internuclear 
distance) can also be easily computed using the FGH method. The r-Centroid data for the other 
molecules studied in this work can be made availab le as supporting information. There is reasonable 
agreement with the FGH method and the other methods of calculations. 
4 Conclusions 
It is seen that the FGH method is an easy, elegant and effective method for calculating the 
vibrational wave functions and the corresponding energy values for different electronic states of 
diatomic molecules. By d iagonalizing the molecular Hamiltonians, we obtained the vibrational 
eigenvalues and wavefunctions.  The method works well for other potential models as well as the 
digitized experimental potential energy data. We have shown that the Franck-Condon factors and r-
Centroids can be read ily  computed for different band systems of diatomic molecules. The FGH 
method compares quite well with the other methods such as the Rydberg-Klein-Rees (RKR) 
method. The values of "vx and 'vx (the average values of x in the corresponding vibrational states) 
can be used to rationalize the structure of the profiles of the Franck-Condon factors and there is a 
strong correlation between the two. Th is significant correlation between large values of Franck-
Condon factors and the nearness in the values of "vx and 'vx is a useful feature emerg ing out of 
this study.  
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